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STABILITY AND STRUCTURAL THEOREM3 FOR
CERTAIN CLAGSES OF n-PERSON GAMES

R, Duncan Luce

1. Introductionl

In the von Noumann and Morgenstern (}) formulation of game theccy,
the n-person case with 2 transferable utility is reduced; when n>2, by means
of the 2-person theory to the study of cortain types of realevolned sei
functions which they have called characteristic functions. In words, &
characteristie function assigns to each subset of players a mmber wailch
represents (in certain units) the "sirength® of that get of piayers if they
eocperate as a =oaljcion and if they sre opposed by all the remaining play-
ers cooperating as a coalition., Since in some situations the opposition
may not be wnified into a single coalition, the characterdstic function
must be considered to give a consexrvative estimate of coalition strength.

The units in waich the characteristic function ies measured are as-
suned to be those of an extra-player commodity which acts like monsy, 1.€.,
it i3 infinitely divisible and fresly transferable among the players. It
neescl not, however, be ordinery monsy or be siiply related to it, but it is
the quantity in which the players are "paid” a* the end of the game.

Mathematically, an n-person gamd (in characteristic function form),
n> 3, is a pair (I ,v), vhere I is the set of n players - which for all
purposes cau be taken to i)e a lsbeling of the players by the first n inte~

gers - and where v, the characteristic function, is a real valued set

function defined for all subgets of In which satiasfies

1. If the reader is familiar with either (1) ar (2) he should cmit the
introdiction through the definition of k=stability.

-1-
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io w(§) = 0, wnere P is the aull set,
and ji. if R and S are disjtoint subgssts of In"’
v(RUS) > w(R) + »{5}.,
Thr Myat comAtdion simly assigne the value w31 to the coalition hawring
i metiers and the second 18 a way of saying that auy whole of pluyare 3
4% Teard as Mitrong" as any sum of digfoint powts.,
1t voome out that tha theorius gc far developed are invarisat over
seytadn eg:ivslence clasges of characteristic funciiow and so it fo snffi-
2tant o Ixslate cne rupresentative funcilon from caci of the clamsen, W
ahall not yepeat the argument bere; 1t may be foun: i (2;3). Oue partien=
Tarly comvenlont representative can bte showa to be the unique chararberistis
Ymafinn m £ ench cluse except one (see below) which in addition to { and
i1l ahere sasisfien
st m({2)) = 0, for 1 € I,
il iv, ml In) SO

Tdg Swmchion is known as the O l-reduced form, and it can be shown that

4w Ogleredized form of the ¢lass gonerated from 3 given characteristic
Dnction e Ly

v(s) « = w({4})

iz
n(s) = 2
v(I ;- =2 «({i})
R sl
axcept in the case v(In) = I  w({1}), in which class there does not exist
iel
n

a Oji=reduced form. A game of this exceptlonal iype is called inessentfal,
snd it 1a substantially the sams as a probability measure over the sot of
naayera. It is aasy (o saee that in an inesuontial game there is no pgain
sobdgeed by formdag coalitions and so the coalition thaory i3 trivial; hensw

ot a s wPe axeluded from further stadye  Amy gawer which is nol foses a3l
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1s penerally called _ezs_ggi_;g&; however, in this paper we shall use the ward
"gams" to mean essential game ualess it is prefixed by “inessential.”™

An important class of pames « though it will play only 4 minor role

here - 12 that for +hizh?
v, 3{S) + n(=8) = 1, for every SCI .
Sush 2 gams i;s zalled constant-smm,

In addition to the notion of coalition sisenghh 43 embodied in thre
characterigtic ™unction, von Wemmanmn wnd Morgenstarm introduced the concept
of payments mecaivad by the playurs. Thuw peyme:t. neladsa the payuwentsa
from the grue plus any flide paymaric resulting Mroa ccalition participation
and it is mezaured in the undty of the extra pisyer commpdity usmtioned
earlier. £ we deasote .o -~spent received Ly player 1 by X than 1t i
asawead that

L. & I_i o V(In)ﬁ

1eX
n

and lic 2y > w({i}), for el .

Such an netuple. -alled an jmputation of tie pums; asswoes that the plapwre
« Fravional' pluyers o will divide up the valus of Lhe pame for the pet of
&1l riayers and that each rational playver will 2ccept no arrangemsant which
givas nim leess than he can agsure himself wore na Lo play alone with all af
the other nlayere in & coalitioa opposing him, If we assume the charachere
istis Duoction is in O,1l-reduced form, then any imputatden is simply o probe
ability disteibution over the get of players., and coaversely & dlgtribution
15 an Loraation.
The von Neumani-Morgenstern theory of "solubions® (3,1} attempts,

uzisg wnly thesce concents, bo characterice gets of impuratiosns which, with
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respect to the giver characteristic functicn, achieve a certain inner sta-=
bility Zfor "rational” players. On the other hand, the theory we shall dig-
cuss here, which was introduced earlier by the author (1), requires one

further notion, Army system v of non~overlapping proper subsets of In which

axhaust In is called a coalition structwe. We shall take the point of

view that the ouicome of & gamo will be doscribed by a pair (X,t). where I
is an imputation ard ~ is the corresponding coalition structure. One task
of a thoory is to describe which pairs will be in a state of equilibrium
relative to the given characteristic functions, We heve mentioned in (2)
other problems which may be posed, but in this paper we shall be conserned
only with equilibraum behavior.

The basic idea we shall emplsy i3 that even whsn a pair (X,t) hes
beenr accapted, "rational® players will be shopping around for revisions of
the coalition structure which will benefit them, Ths pair (X,t) will de
in a state of equilibrium when no improvement is assured by any of the pos=-
sible changes; =nd hence there will be no motive for a changa. It turns
out; however, that ao very rich theory will result unless it is assumed
that the players may only consider modifications uf ‘v which are not too
extreme., Such an assumption is not implausible for at lsast two reasons:
it is a recognition that, at least with real peopie, overly complax changes
of alliance cannol be effected, and that in some economic aituations wery
complicated changus are very expensive. In auy caze, we shall suppoge that
only certain changes from T can be considersd by the players, and thal il
any admiasible change i1s certain to be profitable ihein: the arrangement
{X,t) will be disrupted. It is quite pesaible to define the notion quite
generally, as in (2); however, in this paper we shall examine only certain
special cases - tuosa defined in (1) - and so the definition will be given

only for thal cama.
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Let k bs an integar with C < k < n=2 and 1et 7 be a coalition
structuwre, A subsst SCI in collind a keeritical coalition of + if thexe
exists a Tet such that3

J(s~T)LHT=5)] < k.
A pair (X,t) is said %o be kestabls if for every k=-critical eocalition S of

n(s)< Z

x,
ieS 3

tnd if for every ieT, where Tst and |T] > 1, %, > 0.

ihe first, and more important ccudivion, siates thal for axy S
which does not differ by more V"c\han k elemenis from a mewbor of T the char-
actaristic function value of € shall not axcecd the total already agreed
upon in X for tiw pisyers who would form S. In other words, thevre is not
a positive incentive for tho coalition 5 to form. Since this is true of
all S's which may be considered, there will be no tendency for (X,v) to be
destroyed. Thu second condition simply reflecte the intuition that a play-
er will not participate in a non-trivial coalition unless he receives more
than he could agsure nimself wher playing slone in the most adwverse situa-
ticn. This second condition seems only to sexrve the role of reducing the
mmber of k«stable pairs, for we have yet to find & case where a game does
not heve a ke-stable pair if tho condition iu azsumed ant that it doss when
the condition is diroppsd.

A game is called k-stable if there is at least one k-stable pair,
otherwise it iz called k-unstable. It is easy to see that if lo<k', then
k~unstable 3splies k’-unstable and that k'-stable implies k-stable.

A particularly interesting case of k~stability is k = 1, for this
cage is, in a way, the borderline between stable and unatable games, If

some change is allowed overy coaliticrn of T, tlion the least possible is

3. If SCI; then IS} denotes the mumber of elemenis in S.

————
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with k = i, and so a gamo which is l-unstable is, in this sense, inherently
unstable. Thus, even when it is not possible at present tc obtain full
stability results for a class of games, it is still interesting to separate
the l-unstable ones from those which are l-stable.

In (1) we began %o study the conditions for k-stability in certain
general classes of games. There we covered ine J~ and L-person constant-
sun games, simnle games; and negative ganes. We continue this program hare
and nresent. aimilar results for symmetric and quota zames, Thic is the
content of the first part of the pazper. In the second npart, we ashall pre-
sent some structural theorems for sirple quota games and for two othex
classss of simple games vwhich are clesely related to the non-constani-sum
simple quota games. These ars not stabiiavy theorems ag suchy, but ithey
are indirectly a product of our consideration of the stability problem.




I, ON THE STABILITY OF STMMETRIC AND QUOTA GAMES

2. Discretely Stahle Camesg

In the prewious ssction we amphasized tvhe important dichotany be-
tween l-gtable and l-unstebic games. IV appears demivable, for reascns
wnich will becoms epparent, Lo refine this iato a txichetonmy by dividing
the l-stable gamos into two classes. Lot us denote the special ccalition
swucture [{1},{2};... {n}] by & 3 4t i tho case of puve competition
within the wniverse of the n players. We shall call a l.-gtable game which

has a lestable pair of the fovm (X, .{‘,n) discrotaly stoblu, and those le

gtable games with no such l-stable pair will boe called nonwdiscrately siae

ple, It is trivial Uo sse thav discretely stable games oxist. vub an exe-
ample of a non~digcretely stablas ono ig needcd, Consider any (In,m) having

the following propcrties: these exisls 2 sct T guch thad

ii. Por i,jeT or i,je~T, nl{i,j}) > 2/,
i3, for 1.,j5eT and k=T c» ieT end j,ke~T,
=( i.5.k ) < 3/a.

It is not difficult o seo that such gowes citist,. oy suppose a paiwr

and so




Similarly, & x. > 1/2, and a contradiction results. On the other hand,
ie=T -

if we relabel the playexrs so that T = {1;2,swu,t}, then the pair
(ft/nll, [{1,6+41},02,8+2}, .o, {t,n}]) 45 l-stable. To show this we need
only congider two distinet types of lwcaitical coalitions: :

m{{1,t+1,6+33}) < 3/n= X, Fxmea Xie3®

nl{1441,3)) < 3/a = x) ¢ 2y + xp

and 30 the game is l-stable and hence non-diacrotely stable.

This concept of discrete stability is actually a generalization
of tae notion of a quota game without a weak player. Shapley (5) has
callsd a game for which there exists am n~tuple Q = ﬁciu such that

i, Z a =1,

1l

i3,

joe

$3s

and 13, n({3,3}) = 3 * %y
a quota game, where Q iz called the quota. A player L is called weak if
q, < Jo Since m( 2,5 ) > 0, it is clear that there is at nost one weak

player., Now, corpryc this with the fact inm 2 discretely stable game there

eaxists an n-btuple X guch that

[
<
(A
1]
4
[
-

ii. m({isj}) = < 4; x,j’ i % 3s

The netion cf discrete stability is of intervest. first, betause
all l-stable simple, negavive; symmetitic, or qucta gemss are discretely
stable. This is obviovs for eirpleo and negative games Cron theorems L
and 7 of (1), aad Tor cymuwtric snd guoia gamss it follows feenm theorawws
1 and 2 below. Ve iust thercfore conclude thei the special tynes of gamss

whica have been given detailod study oy @ot pive us zany inaaght into the




phanomens of non-discrete stability.

A second veagon to roncern ourselves with this clagsificatien is
a property of (x,An) k svabie paire which sugousts that they may be ex-
pected to arise only rersly in empirical gitumations. The definition of
xwatability implicitly supposss a dynamic model in which 2 change from a

(non-stabie) pair (X,t) occurs Af there 18 a k~critical coalition S of =T

suck that m(S) <« = x_.J. . Fron & given <« only certain other coalition
eSS &

giructure:s can be reachad by weans of changes armicying only kecriticel

coalitions, 1.6., from 2 given <t thore wlll be cozlition etroctures which
are inaccessidble. Indeood, it is not ifmpossible that there are some struc-
tures which are nol accer2ible from angy other paxr. Formally, a coalition

structurs v {5 X-inacccssibla if Ffor every pair (I.+¢) such that

toalT)< 2 %y Tet!

1eT
asa 4. *as ecxlitions of T are k-critical eoziitiors of <,
then 1. nis) < I x, for every Sct.

iS5 ~

Within the Zremework of this dynamic model a k-stable pair (X,v), where <
is k-insceessible, can never arise 1a a trial and cxror faghion from other
tentatively acceptou pairs, buh rather it rust be agreed upon abt the very
baginning of the c¢oalition formation provess. The latler occcwrTence seems
to be rather unlikely in practice, znd 80 wa must expect such kostable

pairs to play a special role. Clearly a sufficlent condition for * to be

k-inaccesuible is thai m(T)} = O for every Tet (in tho conventional language -

of pgame thomry, T iz losing), and 8o ve uce thot &“ ig k-insccessible.
It appears fron these ooservations that the NAX zignificance of
the follewing stubility theovems will only become undersitood when a come

viwte dreede theorr is peesosted and one can answor sueh questions as

e Bt 45 —
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the probability that a k-stable pair will arise given the starting pair,
or a distribution over starting pairs, of the players.

3. Symmetric Games

One quite gensral and important clags of games which has been
studied in the literature are thosze in which the characteristiic function
depends only ocn the size of a coalition, that ig,

n(T) = nl(|T] ),

Such games are calied symreiric.

Theorem 1. A symmotric game with characteristic function m(i) is

k-stable if and only if m(i) < 1/n for 0 < 1 < k+1,

Proof. It is clear tha: (fi/nl, &) is kestable if the condition is
met.

Conversely, suppore (X,T) is k-stabla and that m(k+1) > (k+l)/n,
Consider any positive intoger & such that a(lc*l) < n. Since we may par-
tition any conlition of a(k+l) elements into & disjoint coalitions of
k+1l elements,

mfa(k+1)] > am(k+1) > a(k+1)/n.
For any Tis'c it is clear that we nmay writs

1T} =a (k1) + b,,

(]
o

where ay and bi ars integers such that

O<a(ltl)<n and -k <Dp, <k,

Lot us derote the quantity Z x

o by d., and then we consider
je i -

three cases.
1. bi = 0, From the condition of k-stability wu have

d, > ml7;1) = mlsy (ke1)] > 8 (k¥1/n = |7y /0.




= 37w

2. b1 < 0, We first show that it is alwayse possible t¢ find a

get Bi such that

{

-a-ai)]bil
S R
e 3 n e 1

BC-T,, |B] = Ibil, and
If this ware not the cage, then we would have to assume that for the

n - |%]
( Ib li') evalitions Bi meeting thae first two conditicns that
i

(14, Jiv, |
} xj > -“-I—-T- . Observe that each jc-T, appsars in exactly
JeB; n - [T, B

(n - IT‘il - 1\) of thasze sets, and so i’ we sum over all of them we

LY I
4 g
no- |T,} -3 ‘n - |T.] «1
i i
obtain S_.E., x. = ) S x. e ; - (1-4d,)
I y.é'i J ( bl -1 J ger 9 bl -1 2
-lﬂl) (1-a o | fonelr] -1
n ids $ /1741
>( bl = & \’(1*‘*1)-'
L U A P R TR

vhich ccntradiction establishes the exdstence of a Bi neeting the ‘three

conditicas. Since IBiI = !bi] <k, TiU)ai is & k-critical coalition of

T and sc ( )I !
1-4,)}b.
3 > -.—-—n—i—-'—-l\.—n 3 xj r 2z X.
- Lo~ .ril jeT, jeBy J
> u(ln,] + Io,l)
= m[ai(k«‘l)]
> a<(k+1)_/>no
i
Thus,

di(n'lTil"!bil) o8 lbil
n « lTi‘

> ai(k+l )/n,
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-(-n.l'ril )ai(k‘*l) g nlbil (n"lTi| )(lTil * Ibil) “ n'bil
° 4> abenl~ DT a(ne7,] = [b,])
= |7/

3. bi > 0, Weo first show that it is always possible to find a

set Bi such that

. = !
B,C Ty, lBil b, and jiB x 2 dibi/lTi,c If this were
1

oot the cagse, then we moy svm over 21l ( ITi i) sSGE8 Bi satiafying the

by

first two conditions; and we obtain

Z & x, = {/'Til h i) d; <

| ! ] ﬂ%ﬂ%% :(mjay
B, JeB \\Ibil i \Di/ lTli by -

g

which is a contradieticn. Observe that fo. any B; satisfying the three

conditions, T'i - B, ig a kwcritical coalition of <. hence

o, - db,/IT,]

ty

Z ?:J « I X
s J
J&Ti JGBi

> m[ai(k-f-i 3

= ai(k+l)/n

= (lTil“b_.i )‘/’n‘.
Thus, d; > I'l‘ll/n°
Ve have therefore snown that for every T.et, Z z, > iTil/n, and so
Ty
L B xgs 2 I x> ok l?i!/h = Ty
jeT T, jer. 9 %,
n i 1 i

-

which .8 impozsible and so the pair is not k-ctable, ard the theorem is proved.

—, ——

s S ST e . e e P e - PREERF S




-13 -

In (1) we defined a game to be negative if m(T) < |T|/n for 211
TCIno

Coroliary 1. A symmetric game is (n-2)-sisble if and only if it is negative.

Proof. The theorem and the definition of a negative game.

Corollayy 2. If a symmeiric pawe is l-gtable it is discretely stable.

Proof. Trivial.

k. Quota Games

Tt will be racalled (section 2) that Shopley (5) defined a quota
game to be one such that thore oxists an n-tuple Q = Hqiﬂ, called the
quota, cuch that

i. 2 =1,
ieIn qi

snd 11, ={{ig)) =q + a5 353 ¢ Lo
A player i1 is called weak if qi<0, and we notad that there is at most one

weak pleyer.

Theorem 2. A quota game is l-sctable if und only if there is no weak player.

Proof. If there is no wezk player, thsn clearly the pair (Q, An) is 1~-stabla.
Conversely. suppois there is a weak player, which by relabeling we

may take to be n, and let (¥,7) be a l-gtable pair. Iabel the cozlitions

Tl,,.., ’T*i; of < so thet nc'l'tu For any Tic'c_,. the l-gtebility requiremsnt

i llea

Now, if ITiI is even, then T, can be partitioned intio lTil /2 non-overlapping

two elerent coelitions, each of which has the walue m({i,j}) = q * 20




e e A

=l
Thus, I, = n‘(':’.’i) > X q;-
ger; v : jeT,
T
If lTis > 1 and 38 odd, then fov cvory ,.,,I

the sare arguwient

Lt Loeeneed & { 1B
e LT AT ‘v Jd RS
c.uTi R Lk}

Ir ITi! = l, let Tj P e

"A-;" [Z R84

coalition and se

.[““'l) 1{.—.,.,,; %, =L

P saaemrstery

3
..L_M._.-NJ q
kA j

“A”
e

Qe ey AR 7S

Tt wa )

JeT, - KCL

“

G PR .
X0 :‘&({L,k}, =q + Gy, o

Summing over ali ke-$3i,

. y
(4’"2"’::1 S P yk > (n_,z)qi
kel -

Butz:‘:xkal 2,.,,.“0_

kCIn kz'[ L ')

= G

4y 1

Since these inequalities hola for ail Tj, 1 and gince 2

the equalities b2

mugt ncld.,

¢uithn > 3,

ag = alf, ), of

{.,.\ o—— g

L.....,....-.-J

s l-%\k}

k&I

!T.!‘.h{k}i iz even, 2nd zo by

q, = (ln| “1)e %y

js

L then for any ke-{i}, {i,k} is a lecritical

»
l‘k : Q.;, ?
‘4

jﬁ ie even

»

R, T T Y. T

3 s 1L llii is odd

9
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Next we show that if n is weak and nel,, iTti is even. Suppese, on

$he contrary, I'rtl is odd. If | t|>1, then by the partitioning argument

(r.) > m(T, ~{n}) z <0
s ez 2o,

But we know that 2 qj = I x., and since n is weak, qn<0, so
cht ja'l’_h J

m(T,)> Z q. =~ > I x,
t"jeTtJ qn jeT J

which violstes the l-atability assumption. If ]"L‘tij = 1, then Tt = {n}
and we have shown above that == qn < 0, which is impcssible, Thus
!Ttl is even.

It is clear ihat in 'T'I; dhere is at least one ¥k such that Q. > x .

Consider the i-cribical coaliticn TtU{k}o Since ‘!‘Tt; 38 even, 0 it

I(TtU {k‘; )={n} |, and £0 we may partitior that coalition into ron-overlapping

two olement coalitions:

m(TtU {k}) > m[('i‘tU {k})v ni> 2
e

E ]
S

G Y - Y

‘e

But qn<0 end qk_>_xk, 350

n(?Ud)> 2 x +x +0= z x,
% A S f i’
ieT, "'*’Ttuik}

which violates the cssumption that (X,t) is l-stable. Thus, we must con-

clude that thers ia no wenlc pioyer.

Corollary 1. All quots jares with an odd number of players ars l-stable.

Froof, If n ig odd thusa there is no weak pleyer., sincs if qn<0,

n(l -{n}) > z = % q =-q >1,
w i) 151n~{n}qi el * "

which is impossible. Thus the theorem irpliss a quota game is l-stubls




when n is odde

Corollary 2. If a quota rame is l-stable it ig discrstely atable.

¥roof. Teiwial,

Theorem 3. Let (In,m') Yo a k~stabls quota game and let (X.t) be & k~stable

pair. If nig cdd or if n is oven and k¥ > 2, then ¥ = Q. If n is even and

I =1, then either X = Q or j7l is even and d n{T) = 2 q = z %, for every
iet T iew
Ter. There are quot: iomos (voth constant-cun cud non-consvans-cum) with n

evanarlgkrlinwhg__ggx%ﬁé,

Proof. Suppose (X1}, where 1 = (1.,,,,M,T,._) is i-ztable and that for scme
Ty X, + e Fromt tue proof of theorem 2 we oz that for ench T,et, 2 xj
Lo

-

= I Q.. I% follows, tharefore, thet in some T., say T, thore exist p
36T, J 1 (4
i

and g such thet x> and x <q_. Now supposs that for i b, |T,] is odd,

I is oven. I7 » i even, then 89 1ig 1T

vhich is impossible. Thus |T

Supposge n; and vhervefors lT.:,l,, ig odd, Since wo kuow bhat ir T, = {'*J 5

Q. = X, it follows trab ]‘I‘t[:-}.b Since th ~{r}| 15 even.
.1 ) i 5 a > )‘ ar
WMol = P B - R 3 I
: ei‘_t&{; } 5% {r}
%

wnich iz impossible. Thue, if ({,7) is L-sisble oither L=3 or 7] is even
Lfor Tew., Sipes any b-piablis priy is algo l-ctziis, who ecenclusion holds
for lewbable pairsg. I i’} i oven wo wnew frow the preol of thesirum 2

that n(T) = =& g = X x




Next, lot us assnae tial n s oven and k > 2, and guppese (X,7) is

i kestable and X S Q. Tious theso cdsts reT.; for some 1, cuch thab xr’“]r’
ang for any j ¥ i, there oxigis s:;ffj sugh thab X 29 Censider
i oty it & 2 s . oo .
;Tj-~,r}3(_- {8} vhich is kecritizal for i > 2 and whish hac an oven number of
\ " . -j - -
’ elaironts oines Ti does. Thug
A ) =«
wl(T-PHUE] > 2 q,-9,+9g
(O G ‘] - 8
. 8%,
Ymb
> 22 . .,
ool ol 5
S TR TR
waicih ig impoasible. Thus. X = Q.
The £ollouing is ‘w1 @amle of @ poen-congtant~sun symnstric quota
g . =¥
gare in which {Z,7) is L.stable and X § Q:
a = 8. q = 1/5, n(2) = 4/22, »(3) = 5/12, n(k) = , m(3) = m(6) = 1.
I+ ig easy te show that
‘.'n p . % - 2
{n/22,3/12,2/12,2/12,2/52,2/328, 1 1,2 5 Do 5 5,5 1)
ig leghable. Tols examplic 18 readily moddiiod into a congtal b-sunm exencle
if w(3) is aliered as i oilous:
( % »
m({2.2,3}) = n({1,5,6}) = 5/12
" 7 - NN = =
m({2,b,6}) = m($2,3,03) = 7/12
m(§i,0,ky) = 6,22 for all other {1,3,k}.
The sooe pale is J~stablo.
; Theoren L. let (Iinzm) bo o @Ot fote withoud a weal pleger. 4 sufficlent,
but noh o necesgary, condition for tho pane $o be kegiablie, Ik > 2, ig that
m('}?} =5 qﬁ. (.‘ \
P i L7
hoid for all 1 gueh thab T < < k1. A nocegsary, bub not o sufiicdent,
. s
I . " - . . - . 3
| condition for it 10 be ‘teslable ue thot sguation 1 nold fer 211 T such thay
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IT| = 4. Suppose the game is k-stable and ihore exists a_set T such that

A

IT] = x + 1 and equa*ion 1 is violated, and let < be the coalition structure

of any k-stable pesir. If Ti 1> any coalition of 7 which intersects T, then

|1,N 7] = 1 and iT,] is even.

Proof. Sufficlenc;: It is obviow that (S, An) is kestable if equation 1
holds for all T such that |T| < ¥ » 1. To show that this condition ie not
necessary, consicer the {ollowing game:

= 1/6

naé,c,i

n(s) = Is]/6 for all S such that |S] = 2,3,4,6 ex-
cept {1,3,5} and §2,4,5}
=1 for all S such that |s! -~ §

n({1,3,5}) = /6

n({2,L4,6}) = 2/6,
Let 7 = [{1,2},{3.L},{5,6}] and %hen it is easy to see tnat (Q,t) is 2~
stable since any 2-critical coalition contains at most four elements and
if it contains {1,3,5} it must contain four. But equatior 1 is violated
for T = {1,3,5}.

Necesaity: If tnc game ‘is k-stable, k > 2, then by theorem 3 2y

k-stable pair is of the form (Q,t). Suppcse that T is a set such that
ITl <k + 1 and n(T) > ;7 qo Tet T, be amwy coaliiien of T which iater-
sects To First, T, «T % 0, since iy 7,CT, then lT-Til < k becouse |T|
<k+ 1, In that case T is a k~critical coalition of T and the hypothesis
of k-stability is wviolated. Second, riUr ’f In’ for if it were = In’ then
for ary sel , (TiUT}e{s} 15 a k-critical ccalition of T. Ve mav make

I(Ti-'l‘ )={s}| ever by choosing either gei, =T or ss-’(Ti—T),, Thus,




=

o

n{(7,UT)~{s}] = m(TU[(Ti~T)-n{s}])
> m(?) + n{{T,-T)-{s})

> 2 q.¢ . q
et 3 se{T ANagsy I

) Je(%)-‘:)a(s} k2

which violatss the k-stability condition. Thus we kmow that T,-T % O and

TUT $ I . Sunpose that |Tin T| > 1. By choosing an element ssT,-T or

in -(T1U’I‘), we may nake l(Ti—T)U{s}I even. Observe that since I'l‘inTl > 1,
Uz, U1yl = KTUEP(NT ) < &,

and so TU TiU {1} iz a keeritical coalition of t. Then,
(U {s}) = m(TU[(TiU {sp-1))

m[TU (7T {5}

i

iv

m(T) + n{(T,-T)} 3]

\'I

a, * S | ij
3 } Y T
jeT JmaieT)l— {EJ'

L

bl Z Qs
serUT

and 8o wo must conclude that l'l’iﬂ T| = 1.
Nex*, suppose that [Til i odd, then {Tiw‘fi is even and TU’i‘i is
kecriticai, &0
<T)y> i g,
gettr, Y
hence lTil ig even. Finnliy, 1€ wo suppose |2 < k, thea for fss«(TU'l‘i)
el U fsp or, = [0 feY)-(rNT)] < ks

80 TUTiU {s} is kecritical. Since |T.| is even, l(ijT)U{s}g is even,
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and the same argument as above leads to a countradiction. Thus, we must
conclude that equation 1 holds for all T with [T| < k, and if it fails for
same T with |T| = k + 1, then for any T ¢ such that T,NT + 9, !'rinrl =1
and iTil is even.

The necessary conditicn is not sufficient as the following example
ghows. let n and k be both even or both ¢dd and let (In,m) be any symmet-
ric quota game with m(i*1) > (k+1)/n and m(i) < a/n for i < ko It is easy
to sece that in a symmetric quota game, q, = 1/n. so m(k+l) > (k+l)qic Thus,
the game satisfies only tho necessary condition, and ty the rem 1 it is
k-unstable.

Corollary 1. The necesazary condition is sufficlent if either n is odd and

% i8 even, or if n is even and k is odd, or if k > (n-2)/2.

Proof. If n is odd and ¥ is even and T is amy set such that |T] = kti,

then |T] is odd and |~T} us even, so m(-T) > Z q,- It therefors follows
ie«T ° .

that

w0} len(-T)c i = 2 q = I q,
igT icT

and go the sufficient cu.''itlon holds. Essentially the sams argumsat ap-

plies if n is oven and k is oddc

%

Sursose equation 1. does nut hold for T where |T] =k + 1. this

it

In
cage we lcow that for any Tier such that TiF¥T ko, ITi(\T} 1 and iTil

is even, thus therz are at least k+l digjoint sets each having at least two
elements, sc 1 > 2(k+#1;, or k < (n-2)/2, Thus, if ik - (n-2)/2, thr neces-

sary coudition is also suificient.

Corollary 2. Any quota game with an odd number of players is 2-suable.

Proof. The first part of Corollary 1.
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IT. ON THE STRUCTURE OF SIMPLE QUOTA GAMES

AND OF TWO CLOSELY REIATERD CLASSTS OF CANES

b Simpie ‘quota Cames

The definition of vou Neumann and Morgenstern (L) for simple
constant-sum games was extended in (1) to general games as follows: a
game is gimple if for nvery SCIn’ m(S) = O or i. The coalitions S with
m(S) = 1 are called w¥xaning. It is trivial that any subset of a losing
coalition is loaing, that any suporset of a winning coaliilion is winning,
and that the comolemcnt of a winning coalition is losing. The complement
of every losing coalition is winning if and only if the geme is constant~
sum,

The prinecipal stability resuli econcerning simple games is theorsm
h of (1). It statcs thui a necersary and sufficient condition that a
simple game be kostable i3 that either there are no (k+1)-clement winning
coalitions or, if the - are, then the intersecv:.on of all of them is non-
empty. We shall retur: to ’his result subsequently, but first ws propose

Lo describe the struclure of these games which ars both simple and quota.

Theorem 5. Let (In,m\ be a simple gaws. It is acn-consteat-sun and quota

if and only if either:

2. it ig the L-person game witn the 0,1-raduced form characteris=

tic funciion
n{{i,j}) = 1, for 1,3 + Xk,

m{i,k}) = C, for i X

(this pams will be called the exceptional simple quota gama ),

Yo

or ii, there exisis an element & such that 2ny coalilion properly

P e
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It is congtant-sum and quota if and only if there exists an element k such

that -{k} is winning, any coalition pronerly including k is winning, and

all other coalitions are losing.

Proof. It is not difficult to see that the gimple games so defined are
quota games by taking q, =1, q,=0, ik, in the non-exceptional cases and
by letting qk=-—1/2, q_lml/?, i}k, in the exceptional L-person case.
Conversely, suppose (In,m) ie both a simple and & quota game.
Suppose there existeo a woak player, which withoul Zcsz ¢f gonsrality we
may take to be n. Tt is clear that for iin, q,>0 and that there exists
some kin such that >0, For any ifk,n, m({1,k}) = q+q,>C, 80 {1,x} 1s
winning, If we suppose that, in addition to k, tlicre is a j with qj>0,
*then any sot {1;3} must also be winning., If n>5, then we may choose
1,3,k,1 all diffsrent and different from n such that both {1,k} and {1,3}
are winning, but this is impossible. Thus, if there is a weak player
then either n<hi or q,=1, q,=0, for 1$k,n. In the latter cass, q =1-

in q 3= 0, which contradicts thc assumption that n is weak. For n=l,
J

the same argument applies as above except if {1.,2}, {1,3} and {2,3} are
21l wiminz. In this case, q1+q2~qlvq3=q2+q3=1_. soq1=q2
= g3 = 1/2 and q; = -1/2. Thus {1,L}, 1L, are losing coalitions. For
n=3, the fact that {1,2} iz winning implies q; + q, = 1, which implise
q3=0, and so there iv no weak plarur.

We may now suppose the game has no weak player. By a repetition
of the first argument of the proof we may show tiat therz exists an ele-
ment k such that any coalition properly including k is winning. If T is

any coalition not including k and if ITI < n-2, then there exists jc--('l‘U{k})u

Since {.k,j} is winning and ~TD {k,:j}, T is winning and so T is losing.

e e e e e e o At i i g—
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The only remaining coaiition is ~{k} which if it is losing results in a
non-constant-gum game and if it is winning resulits in a constant-sum game.

Coroijary 1. Every conatant-sum simple quota game is k-stabls for 211

k < p=2 and it is (n~2)-u.astablse. Every noan-exceptional non-constant-sum

simple quota game is k-stable for all k < n-2. The axcephional game 1is
l-mtabho

Proof. Tbeoram 5 and the conditions for the kestability of zimpls gamss

(Theozem L, [1]).

Corollary 2. The only k-stable pair of a nor—exceptional simple quota

£
gume 1n (&, 8,).
Proof. Let (X,t) be kestable. By Theorem 3 we know that X=Q axcent pos=~

sibly when k=1 and n is ~ven. In the latter case, either 't-An, in whieh
case it is obvious that X=Q, or w({l},{Z},“.,{s},T), where T is winn’zg.
Obviously ieT, where i is the element described in Theorem %. If xi<lﬂ=qi,
then since {1,3}, J&-T, is a l-criticai coalition,

m({i,‘;;}) =l<x, + x,
which implies xJ>O sinca x.l<1° Thus

Zx sl x <ls=a,
reT =&

which is impossible. Thus X=<Q. Since 3,=1 and q on, ¥, it follows by
the second condition of k~sitability that ‘r-Ano

The case of the non=axceptional non~constant-sum simpls quota game
is intsresting in that it has the property that a set is winning 3f and
onily if 1¢ properly contains a single element. Obviously, this can be gen-
sralizad to the case that a ecoalilicn is winning if and only if it containa
a giver non-empty set. We shall characterise such games in section 7, but

to do this we mmt first introduce another concept.
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6., The Direct Product of Camas

We shall say that a game (In,m} is the direct product of gamee ovar
T and =T, where T i3 a proper non-empty subset of In’ if there exist gamns
(T,m*) and (-T,m") suech that
n(S) = o' (SNTk(S-T). (2)
We observe, firs%, that given two such games, their composition according to
equation 2 yields a gsme which is the direct product of the given games.
This wili be shown if we can show that the (In,m} which resulte is in fact
a; ®, i.0., if m is a characteristic function in O,1~reduced form. This
we .owe
m(I) = o(TU[-T]) =n'(Th"(-T) =1,
w(d) = m () =0,
a({1}) = a'({$3NTIa"({i}-T) = 9,
if R and S are disjoint subsets of In,
»{RUS) = a'([(RUS]INT " ([RUS]-T)
« m' ([ROTIU SN T m*([R-T]\J(S~T])
> [ ROT) + m(SNT)][n"(R-T) + m"(S~T)]
> ot (RNT)m"(R-T) + m'(SNT " (S-T)
= n(R) + n(S).
Second, it is clear that if (In,m) 38 the direct product of games over T
an¢ -T, the characteristic functions m' and m" are uniquely determined,

ner 1y
2¥(s) = n(SU[~T]), for SCT,

and n*(S) = m(SYT), for SC-T,
It sbhould be ncted that this concept somewhat parallels that of a
dec mposable game (3,4). A game (In,m) is decomposable 4into games on T

ané -T if for every SCIn

n(s) = a(s1T) + m(S-T).




Theorem 6.

w 95 .

then i.

i3,

viii.

Any game with a set T

Let (In,m) be the dirvect product of games (T,m') and (<T,m"),

if ROT and SO -T, n{(RM1S) = m{(R(S);
if R,SC<T and ®1S = §, then

n(RUSUT) > m(RUT) + m(SUT), and 8 similar statement

if R,SCT;

m(TULL) - alrU (3}) = 0 for 16T ;
n({1,4,x}) = 0,
(In,m) is 1. snd 2-stables

T
i,j,kc..n;

(In,m) is non~constant-gum;

(In,m) is simple if both (T,m’) and (~T,m") are simple;

(In,m) is negative if both (T,m') and (-T,m") are negative.

such that 1, ii, and iii hcld ie the direct product

of games over T and -T,

Proof., 4.

Thus, m(R1S) = m:(RASNT R (RNASA[-T]) = n:(Q: )m"(Q).
a’(RNTm*(R-T) = ;mt(T)a”(Q) = m"(Q), and m(S) =
mf (Q¥ m*(=T) -~ m*'(Q*¥ ).

iio

2432
dade ke ©

iv.

Yo

Let (=R-T and Q*=SNT, then ENS = (TUQ)N(-TUQ!) = QUQ*.,
Also, n(R) =
r*(S{1T m*{S-T) =

Thus, m(RS) = m* (A m*(Q) = m{R)n(S).

mRUSUT) = a"(RUS) > n"(R) + n"(S) = m(RUT) ¢« m(sUT],
n(TU £31) = »'(T)e({4} =T} = 1.0 = 05 similarly n(-TU{}) = 0.

For any i,j,k either {i,j,k;CTU{l} or C-TU {1}, where

1=1,3, or k, and so by iii, m{{%,3,k}) = O.

Since m({i,,‘i}) = 0 = m({1,3,k}), by iv, it is clear that (X, ql)

is 2 2-atable pair for any distribution X.

i,
vii,
viii.

Since m(T) + m(~T) = 0, by iii, t' . geme i’ not constant-sum.

Cbvious.

If the component games ars negative, then for any S

J £ 3

1(S) = m'(SAT " (S-T) \1-‘1'.:1 T—"ﬁ‘- .
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Observe that since [aﬁjT < iP] and is-1} < |=7],
s Tl s.-;[ <13 < 0 < Is-7] |-r{{|r]{-]snT{),

80 5~ !sn’r!<1«ﬂ+iTl>5 f=r] I7{(]s-r[+lsnT])

or l%%zl ts,_ 7! L
T TT

Suppose that i, =,
re (R )=ma(RU [«T]) and Lo 000, w(S)=n{SUT). "uirast, w
characteristic funcilons:
ni(T) = w(PLil0)) = 1,
ni(§) = al &) - O,
mt({1}) = u{-2U{13}) = 0, by 114,

by iid.

and 3f R,3C.T and 315 = ve have
nt(RUS) = v USUL-2]) >

The direct product of these two games is the pgiven pame, for

i, then using il
w(RU[~T])}

m- (Sn 'm \D"" :- aal ﬂ{ {b‘f‘}'l-nj i"'i‘} )ZD( {:;‘T]UT)
T w m(SUT] (ST
= n({sU(-T)IN

7. The Structure of Tv>

P}

Following vhe 12

lasses of Simple Games

. of gecticn & we shall aww dofine three
simple games, and we srali determine the structure of two of them.

he a siiple game, vhen uc rhall say that it has:

Property A if thero exists = coalition C sush that a coalition is

winnming 5if and onl; if 1. peeperly coutaina O3

Property B if .Love adets & conldlion

]

winming 7 and only af o cwmazins Cf

Propawty € 2 ac

T ois nos Clihied b0 Bes Laat if o gawo aaz property A,

. ]
S %f‘j‘?,u:)r?! » .L%! 5 nence m(S) < |s|/n.

and 11i are wet in 2 pawe. TFor RCT, define

and o are

+ n(SU~11) = mt(R ¥ (S).

is1)7:) = w(S) by condition i .

3 ogael that 2 ecall

Lrsergaciica ¥ oof @ll wluoing eozlitions is non~amply.

o LU, So v SIEVAR s | ﬁ:&i&&lj\w"

"

classaes oL

Lot ('Inam)

Yion is

then za has

property C wherz Yte cea® iicn C is Iosing and Gud 1 is zlso sany to show




that a game has property B if and only i1f it has property C with W winning.
In this case C=W,

Frem the results on the stability of simple games quoted in section
5, we see that any simple game zatisfying one of these properties is kestanle
for all k;, 0 <k < n-2,

Two extreme cases are of interest. I1If a game has property A and if
[c] 1, then by theorem S we know that it is a non-exceptional non-constante
sur simple quota game, and conver soly. If it has property B and if lC| = n,
ten there 1s no other winninz coalition than In" and so fer cbvicus reasons

we call this unique game almost inessoniial, It iz not Aifficult to show

that the folicwing conditions ar» eyuivalent: a game is almost inesssential;
it is simple and negative, it is syrmetric and the intersection of all
winning coalitions is winning, it i» negative and the intersection of ail

winming coalitions is winning.

Theorem 7. Let (In,m) be a simpie gamo., The following are equivalent:

i, it has property 4 and |C| > 1,

11, 1t is the direct vroduct of an almost inessentizl game and a

noneexceptional rion-constant-gum sisple quota game.

The following are equivalent:

i. it has property B,
11. it is decompcsable into an almost inessential game and an

inessontial pame,

iiin m(RnS) el m(R)m(S) for aJ,l Rgsclnc

Proof. Suppose the game has property A and |C] > 1. Lst 1sC and define
Ts= C-{i} ., We now define games (T,m') and (-T,m"):
mt(R) = m(RU[-T]), for RCT,

m"(5) = n(SUT), for SC-T.
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In the first cese, m(RU{ -T]) = 1 1f and only if RU[-T] = RU 1} U(~C]
properly contains C, which obtains if and only if RU{1} = C, 1.e., Hf 24
only +f R = T, Thue (T,m ) is almost inessent:al. 1In the second caf®:
n{SUT) = 1 if and only if SUT = SU[C-f1}] properly cortaing C, which ob-
tains if and oaly if S properly includes i. Thus, by theorem 5, (-T/®")

18 a non-exeepiional non-constant~sum simple quota game- (Insm ) is, in
fast, the direct product of these games since m(¢ )=l af and only if 5 prop=
erly includes C, in which case S/)T=T and S-T properiy includes i, s’
m*(SNT) ~ 1 and m"(S~-T) - 1. The converse is obvioua.

If the game has property B, then CW is winning. S 18 winnifif

if and only if it contuins W and so the game is dacomposable along W @nd
“4, It is clear that thc same on W is almost inessentisl and that of ¥
is inessentizl. The convorse is trivial.

Next, if the game aas property B, Rf)S is leging if either R °F
S is losing and it is winning if and only if both R and S are winning? 3°
m(RAS) = n{kRm{(S). Conwmesely, if m(RNS) = m(Rx(S). then by takisg
R=S we see that m(R)qn(}«’.)‘),, go the game must be simple. Let W be the 30~
tersection of all winning coalitions, W$d and W is winning for if R and
S are wining so is R3S, Thus property C holds wath W winning, so pToP~

erty B holda,

=, P S
- | —— -t M . et g ey g EEETS Y ot
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PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO mANUFALTURE, |
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THEK. T,
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